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We present a general decomposition theorem for elements of an ordered group
with respect to a cone. This resuit enables us to obtain decompositions of
finitely additive measures defined on quantum logics, orthoalgebras, or, more
generally, on difference posets with values in Dedekind complete lattice ordered
groups, with respect to a given cone of measures. In particular, we gain
Yosida—-Hewitt-type and Lebesgue-type decompositions.

1. INTRODUCTION

In the last decade, decompositions of measures, like those of Yosida
and Hewitt (1952) type or Lebesgue type, have received the attention of
many authors (Aarnes, 1970; D’Andrea et al, 1991; De Lucia and
Dvuretenskij, 1993a,b; De Lucia and Morales, 1992; DvureCenskij, 1991,
n.d.; Riittimann, 1990; Pap, n.d.) interested in finitely additive measures on
noncommutative structures. These structures interest specialists working in
mathematical foundations of the propositional system of quantum mechan-
ics. Such structures include, for example, quantum logics ( = orthomodular
posets) presented by Birkhoff and von Neumann, orthoalgebras, originally
introduced by Randall and Foulis (1979, 1981), and, more generally,
D-posets ¢ =difference posets), recently presented by Képka and Chovanec
(1994).

In the present paper, we give decompositions of finitely additive
measures on quantum logics, orthoalgebras, or D-posets, with values in a
Dedekind complete lattice ordered group. The paper is organized so that
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first we give a general decomposition theorem for elements of an ordered
group with respect to a given cone, and after introducing orthomod-
ular posets, orthoalgebras, and D-posets, we apply the general decom-
position theorem to finitely additive measures on the above-mentioned
structures.

The method generalizes many earlier results obtained in De Lucia and
Dvureéenskij (1993a,b) and De Lucia and Morales (1992), and it can be
applied to different kinds of measures appearing in noncommutative mea-
sure theory as well as in fuzzy structures.

2. DECOMPOSITION THEOREM

In the present section, we give a general decomposition theorem which
will be applied to decompositions of finitely additive measures on quantum
logics, orthoalgebras, D-posets, etc.

Let (4,0, +,.£4) be an ordered group, that is, ¢ is a commutative
group written additively, with the neutral element 0, and partial ordering
<gsuchthatif g < v, then p+ ¢ <,v+ ¢ forany ée%. Let 4, denote
the set of all positive elements of ¥, thatis, ¥, = {ye¥%:0 <4 u}. A cone
of ¥ is a subset ¢ of ¥ such that (i) if u;, u, €%, then y, + pu, €%; and (ii)
0e%. The cone € is v -closed if, for any bounded chain C in %, the join
\/? C:=\/? {u: ue%} exists in ¢ and is an element of %.

Let o7 be a fixed subset of ¥, containing a cone ¥. We say that an
element peof is singular with respect to the cone @ if v <, u for some ve¥
implies v = 0. We denote by ¢ ¥ (depending on 7, in general) the set of all
elements of ./ which are singular with respect to €.

Decomposition Theorem. Let (4,0, 4+, <4) be a commutative ordered
group. Let &/ be a subset of ¥, such that if &, &6/, &) <4 &, then
&, — & e, and containing a v-closed cone €. Then for any ue.o/ there
exist two elements £€¥ and ne% * such that

p=¢+n (2.1)

Proof. Define I', = {ye®%:y <4 u}. Since the zero element belongs to
%, T', is nonempty. Let I', = {,} be a chain of I, with respect to <, and
define y, =\/?y,. Due to our assumptions, y, is an element of €, and
7, <4 U, s0 that y, is a majorant of I', in T',. It follows from Zorn’s lemma
that T', contains a maximal element ¢ which belongs to % and ¢ <4 u.

Put n = u — &; clearly nes/. To finish the proof, we show that ne% *.
Let ye® be such that y <, =p—¢, so that y + ¢ <, pu. Because
y + £ €%, the maximality of £ in T', implies y =0. W
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3. ORTHOMODULAR POSETS

An orthomodular poset (OMP) is a partially ordered set L with an
ordering <, the least and greatest elements O and 1, respectively, an
orthocomplementation 1: L — L such that

(OMi) a*t =a for any aelL.

(OMii) a v at=1 for any qeL.

(OMiii) If ¢ < b, then b+ < a*.

(OMiv) If a < b+ (and we write @ 1 b), then a v beL.
(OMv) Ifa<b, then b=a v (a v b*)* (orthomodular law).

If in an orthomodular poset L the join of any sequence (any system)
of mutually orthogonal clements exist, we say that L is a o-orthomodular
poset (a complete orthomodular posef). An orthomodular lattice is an
orthomodular poset L such that, for any a,beL, a v b exists in L (using
the de Morgan laws, we see that a A b exists in L, too). A distributive
orthomodular lattice is called a Boolean algebra. We recall that a lattice L
is a Boolean algebra iff for any pair a, beL there are three mutually
orthogonal elements a,, b;, ceL such that a =a, v ¢, b = b, v ¢. For more
details concerning orthomodular posets and lattices see, e.g., Kalmbach
(1983) and Ptdk and Pulmannova (1991).

One of the most important cases of orthomodular lattices is the system
of all closed subspaces L(H) of a real or complex Hilbert space H, with an
inner product ( -, - ). Here the partial ordering < is induced by the natural
set-theoretic inclusion, and M+ = {xeH: (x, y) =0 for any yeM}. Then
L(H) is a complete orthomodular lattice, which is not a Boolean algebra,
if dim H # 1. This structure plays a crucial role in axiomatic foundations of
quantum mechanics.

If S is an inner product space (not necessarily complete), denote by
E(S) the set of all splitting subspaces of S, ie., the set of all M = S
such that M + M* = §. Then E(S) is an orthomodular poset which is
not necessarily a o-orthomodular poset. We recall that according to
Dvurecenskij (1988) S is complete if and only if E(S) is a g-orthomodular
poset.

4. ORTHOALGEBRAS

An orthoalgebra is a set L with two particular elements 0, 1, and with
partial binary operation @: L x L — L such that for all a, b, ce L we have:

(OAl) Ifa®belL, then b@aeL and a ® b = b @ a (commutativity).
(OAil) If b®ceL and a®(bDc)eL, then a@bel and (aPbH) D
ceL, and a ® (b ®c) = (a ®b) ® ¢ (associativity).
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(OAiii) For any aelL there is a unique b€ L such that a @ b is defined,
and a @b =1 (orthocomplementation).
(OAiv) If a@a is defined, then a =0 (consistency).

If the assumptions of (ii) are satisfied, we write a @b @ ¢ for the
clement (a®b) Pc=a@P(bDc) in L.

Let a and b be two elements of an orthoalgebra L. We say that (i) a
is orthogonal to b and write a L b iff a @ b is defined in L; (ii) a is less than
or equal to b and write a < b iff there exists an element ce L such thata L ¢
and a @ ¢ = b (in this case we also write b = q); (iii) b is the orthocomple-
ment of q iff b is a (unique) element of L such that b L aanda@® b =1 and
it is written as g*.

If a < b, for the element ¢ in (ii) with a @ c = b we write ¢ = b Oa,
and c is called the difference of a in b. It is evident that

bOa=@®bh)* (4.1)
Foulis er al. (1992) give proofs of the following statements:

Proposition 4.1. Let a, b, and ¢ be elements of an orthoalgebra L.
Then

MDalb<b>bla
(iyala = a=0.
(i) a Ll < a=0.
(iv) att =a.
(v) 1+ =0and 0+ =1.
(valb =>al(@®b)t,a®a®b)*=>b".
(vi) a L b < a<bt.
(viii) a<h => b=a®@®bH)*.
(ix) a®b=a®c = b=c
x) a®b<a®c = b<c
(x1) 0<a <1, and < is a partial ordering on L.
(xii) a <b = b+ <a™.
i) a Aat=0,avat=1
(xiv) a Lb,avbel = a®b=avb.
(xv) at =10a.
(xvi) a<h < b=a® (b Sa).
(xvil) a =a60.
(xviii) a<bhb<c = (cOH®ObOa)=cOa.
xix) asbhb<c = (cC©a)O(cBb) =bOa.

We see that if L is an orthomodular poset and a ® b:=a v b whenever
a 1l bin L, then L with 0, 1, @ is an orthoalgebra. The converse statement
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does not hold in general, as follows from an example due to R. Wright
(Foulis et al., 1992):

Example 4.2. Let L={0,1,a,b,c,e,f,at, b, ct dt et f*} with
a®b=d®@e=ct, b®c=e@®f=a*, c@®d=f@a=et, c@Qe=d",
a®c=>bt, e@a=f" is an orthoalgebra that is not an orthomodular
poset.

We recall that an orthoalgebra L is an OMP iff a L b implies
avbel.

5. DIFFERENCE POSETS

Recently Kopka and Chovanec (1994) introduced difference posets,
(D-posets), which generalize both quantum logics and orthoalgebras, in-
spired by an investigation of the possibility to introduce fuzzy set ideas into
quantum structures models (Kopka, 1992). In this model, the difference
operation is a primary notion from which we derive other usual notions,
such as the join of mutually excluded events, which are important for
probability calculus.

A D-poset, or a difference poset, is a partially ordered set L with a
partial ordering <, maximal element 1, and with partial binary operation
©: L x L - L, called a difference, such that, for a, beL, a @b is defined if
and only if a < b, for which the following axioms hold for a, b, ceL:

(DPi) bOa b
(DPii) bo (b a)=>.
(DPiii) a<b<c = cOb<cOaand (cOQa)O(cOb)=bOa.

The following statements have been proved in Képka and Chovanec
(n.d.):

Proposition 5.1. Let a, b, ¢, d be elements of a D-poset L. Then:

(i) 1©1 is the minimal element of L; denote it by 0.

(i) a©0=a.

(i) a©a=0.

(ivyasbhb = bOa=0 < b=0.

(V)ash = bBOa=b < a=0.

(Vi) a<h<c¢c = bSa<cBOaand cCa)B(bOa)=cObh.
(i) b<c,a<cOb = b<scOa, and (c©bH)Oa=(cOa)Ob.
(vil) a<b<ec = a<cO®bOSaand (cObBSa)Oa=cOb.

Remark 5.2 (Navara and Ptak, n.d.). A poset L with minimal and
maximal elements 0 and 1, respectively, and with a partial binary operation
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&: L x L - L such that for a, b, ce L we have

() a©0=a
(i) ifa<b<c, thenc@b<cBaand (cOa)O(cBOb)=bOa

is a D-poset.
For any element aeL we put

at:=10a

Then (i) a** = a, (ii) a < b; then b+ < a*. Two elements a and b of L are
orthogonal, and we write a L b, iff a <b* (iff b < a*t).

Now we introduce a binary operation @:L x L —» L such that an
element ¢c =a ®b in L is defined iff ¢ L b, and for ¢ we have b < ¢ and
a =c ©b. The partial operation @ is defined correctly because if there
exists ¢; e L with b < ¢, and a = ¢, ©b, then, by (DPi) and (DPii), we have

(16(coh)eb=10c=(18(,Eb))Bb=10¢
which implies ¢ = ¢;. Moreover,
a®b=@*ebht=0oa" (5.1

Indeed, denote by x = (a* ©b)*. From (vii) of Proposition 5.1, we con-
clude that x = (b ©a)*. Therefore, x* =at @b, which means a < x,
analogously, b < x. Calculate

xQa=(10010a)Qa=10bt=b

where we have used (viii) of Proposition 5.1.

The operation @ is commutative (this is evident) and associa-
tive: suppose that y=a@®b and z =(@@®b) @c exist in L. By (DPii)
we have

(00 ©(zO)y)=yOa
zOa)Sc=b
zQa=b®cel
z=a@b®c)el

so that (OAi)—(OA.iii) are valid.

It is evident that any orthoalgebra L is a D-poset when a difference ©
is defined by (4.1). Indeed, (DPi) and (DPii) are trivially satisfied, and
(DPiii) follows from (xix) of Proposition 4.1.

By Navara and Ptak (n.d.) we conclude that a D-poset L with 0, 1,
and @ defined by (5.1) is an orthoalgebra if and only if ¢ < 1 ©a implies
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a = 0. Therefore, it is not hard to give many examples of D-posets which
are not orthoalgebras.>

An interesting model, MV-algebras introduced by Mundici (1986),
gives an example of D-posets.

Example 5.2. An MV-algebra is an algebra (M, @, O, %, 0, 1), where
0,1e M, ® and © are binary operations, and Y is a unary operation, such
that, for all x, y, zeM:

() x®y=y@x

(i) @) Pz=xD(yD2).
(iii) x D0 = x.

(iv) x@1=1.

(v) M)*=x.

(vi) 0* = 1.

(vil) x@x*=1.
(vii) (x*®»)* @y =(x®y*)* @ x.
(ix) x Oy =(x*Dy™™*.

An MV-algebra M is a distributive lattice when x v y==(x © y*) @y
and x A y:=(x ®@y*) O y with 0 and 1 as minimal and maximal elements
(the partial ordering < is defined in Mviax < yiff x vy =y). Ifforx <y
we define y Q x:=(x @ y*)*, then M with 1, ©, < is a D-poset.

Example 5.3 (Kopka, 1992). Let F =[0, 11°, where Q 5 0. Elements of
F are called fuzzy sets of Q. For two fuzzy sets fand g of F we write f < g
iff flw) < g(w) for every weQ. Let @: [0, 1] - [0, o) be an injective increas-
ing continuous function such that ®(0) = 0. If we define for f < g

(g ©f) () =07 (¥(g(w)) — V(f(@), @eQ

then F with 1, ©, < is a D-poset.
As a case of ® we choose ®(2) = ¢, or ®(¥) = ¢, for t€[0, 1].

6. LATTICE ORDERED GROUPS

Let V with +,0, v, A, < be a nontrivial lattice ordered group, such
that if (¥, +, 0) is a nontrivial commutative additive group with the neutral
element 0, (V, v, A, <) is a lattice with respect to a partial ordering <,

2Such an example is the set of all effects of a Hilbert space H, §(H), i.e., of all Hermitian

operators A on H with O < 4 < I, where O and [ are the nonzero and identity operators,
respectively, on H, which are important for unsharp measurements of quantum mechanics.
We recall that &(H) is a D-poset (Kopka and Chovanec, 1994) but evidently not an
orthoalgebra.
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and group and lattice operations are related as follows:
X<y = x+z<y+z VzelV

Then V is a distributive lattice for which minimal and maximal
elements do not exist in V. For example, any Riesz space is a lattice
ordered group. We recall that one of the most important examples of
lattice ordered groups for measure theory is the additive group of all real
numbers with the natural ordering of real numbers.

A lattice ordered group is said to be Dedekind complete if, for any
nonvoid majorized subset B of V, \/ B:=\/ {b: beB} exists in V. If the
former holds for any countable B, V is said to be g-Dedekind complete.

A space V is Archimedean if, for some x, ye V with nx <y for every
integer n, we have x < 0; we conclude that u(0) = 0. It is well known that
if ¥ is Dedekind complete, it is o-complete, and any o-complete space is
Archimedean. For more information on lattice ordered groups see, e.g.,
Birkhoff (1967).

A nonempty set D of V is directed downward (upward), and we write
DD if for any x,yeD there exists zeD such that z<x,z<y
(z 2 x,z 2y). Two downward-directed sets {x,: reT} and {y,: 1T} in-
dexed by the same index set T are called equidirected if, for any s, t€T,
there exists v e T such that x, < x,and x, < x,aswellas y, < y,and y, < y,.
A similar definition holds for upward-directed sets.

Let xeV and D = V. We say that D 1 x if D 1 and x =\/ D. Dually
we define D | x, i.e., D | and x = A D. If {f;} and {g,} are equidirected,
then

{£31f {eiteg = {fi+e}1f+e (6.1)
Urlf, {etle = {i+a}lf+g (6.2)

Finally, for any xeV:xt=xv 0, x~=(—x) v 0, |x|=x* +x~. We
have, for all x,yeLl, (i) x=x*—x", (i) |x|=0 iff x=0, (ii)
|x +y| < |x|+|y|. By ¥, we denote the set of all positive elements of V,
ie, V, ={xeV:x =20}

7. MEASURES ON DIFFERENCE POSETS

Throughout the rest of this paper, by L and V we mean a D-poset with
1, £, ©, for which the partial binary operation @: L x L — L is defined by
(5.1), and a lattice ordered group with +,0, v, A, <, respectively. Define
the following natural ordering <, on V% pu; <, u, iff p;(a) € py(a) for any
a<L.
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We say that an element pueV’ is a finitely additive measure if
wa @ b) = u(a) + (b)) whenever a @b is defined in L. Then u(0) =0, and
wat) = u(1) — wa), aeL. If u: L -V, then a < b implies (@) < u(b).

We recall that if u is a finitely additive measure on L, then
wb ©a) = u(b) — w(a) whenever a < b. Conversely, an element peV’ is a
finitely additive measure iff u(b ©a) = u(b) — u(a) whenever a < b; this
follows easily from (5.1).

To define g-additive and completely additive measures on L, we
introduce the following notions.

Let F={ay,...,a,} < L. Recursively we define for n >3

4,®  Ba,=a,® Da,_,)DPa, (7.0

supposing that g, ®- - - ®a,_, and (0, D - Pa,_ ) Da, exist in L. From
the associativity of @ in D-posets we conclude that (7.1) is correct-
ly defined. Definitionally we put 4@ - -®a,=q, if n=1 and
a,® - -®a,=0 if n=0. Then for any permutation (§,...,%,) of

(1,...,n) and any k with 1 <k <»n we have
@ - ®a,=a, @ Da, (7.2)
@ Da,=a,® D) ®(@. D Da,) (7.3)

We say that a finite set F={a,...,a,} of L is @ -orthogonal if
a,® - -®Da, exists in L. In this case we say that F has a @ -sum,
@7_, a;, defined via .

_@lai=a‘@~~-@a,, (7.4)

It is clear that two elements a and & of L are orthogonal, i.e., a L b,
iff {a, b} is €D -orthogonal.

An arbitrary subset G of L is P -orthogonal if every finite subset F of
G is @ -orthogonal. If G is @D -orthogonal, so is any of its subsets. An
P -orthogonal subset G = {x;:iel} of L has a @ -sum in L, written as
@, a,, if in L there exists the join

@ ai:z\/ @ a; (7.5)
ief F ieF
where F runs over all finite subsets in 1.
It is evident that if G=1{a;,...,a,} is €D -orthogonal, then the
@ -sums defined by (7.4) and (7.5) coincide.
We say that a D-poset L is a complete D-poset (o-D-poser) if, for any
@ -orthogonal subset (any countable P -orthogonal subset) G of L, there
exists the €D -sum in L. Tt is straightforward to verify that a D-poset L is
a o-D-poset if, for any sequence {g;} in L with @, <a,<---, the join
\/% 1 a, exists in L.
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Introducing an order convergence, we are able to define a o-additive
measure y: L - V.

We say that a sequence {x,} in V is order convergent to an element
xeV, and we write x, - x, if there exist a downward-directed sequence
{p.} 10 such that |x, — x| <p, for every n. If x,>x and x, >y, then
x =y, moreover, if x, T x (x, | x), then x, - x.

An element peV*’ is a o-additive measure if, for any @ -orthogo-
nal sequence {a,} with the @ -sum a=@* a4, in L, we have
Y'r_ 1 w(a;) > u(a). We recall that an element ue V% is a g-additive measure
iff u(b © a) = u(b) — w(@) whenever a < b, and for any sequence {a,} with
a;<ay <+, and a =\/T. | a, existing in L, we have u(a) = \/2 | u(a,).

A mapping ue V% is said to be a positive completely additive measure
on L if, for any @ -orthogonal system {g;: ieI}, for which the @ -sum
@®,., a; exists in L, we have for any finite subset F of I,

‘u( S ai> — Y way)

< by (7.6)

iel ieF

where {b;} |0 and by <b,, whenever F,<F,. Due to (6.2), (7.6) is
defined correctly, and we shall write u(@,.,q,) = Y ier ila;).

If the index set [ in (7.6) is only countable, we say that u is a positive
o-additive measure, and we write /(@2 | a,) = Y2, u(a;). 1t is clear that
this notion coincides with the above-defined one for positive measures.

Since any Dedekind complete lattice ordered group is Archimedean,
we conclude that u(0) =0. Indeed, for any finite subset F of I with
| Diecsa;) — Yier (@)| < by, where a,=0 for any iel, we have
(card F — 1) |u(0)| < b7 | 0, so that p(0) =0.

Moreover, any completely additive measure is o-additive, and any
o-additive measure is finitely additive.

We denote by a(L, V)., ca(L, V), , and ca(L, V'), the sets of all
positive finitely additive, o-additive, and completely additive measures,
respectively, from V% .

It is not hard to prove that a positive additive measure g on L is
c-additive, or completely additive, iff

{E neo}tu( @ a) )

{Z u(a,-)}F 1 u( @® a,-> (7.8)

ieF iel

or

where F runs over all finite subsets of 7 whenever @2, 4, or D, a;,
respectively, exists in L.
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8. DECOMPOSITIONS OF MEASURES

In the present section, we give the main results of the paper. If we
define ¢ as the set of all finitely additive measures from a D-poset L into
a lattice ordered group V, % becomes an ordered group when < := <,
and (y; + p,) (@) = u, (@) + u,(a), ae L. Using the Decomposition Theorem,
we are ready to prove many decomposition theorems for positive finitely
additive measures on D-posets, in particular, Yosida—Hewitt-type and
Lebesgue-type decompositions.

Theorem 8.1. Let L be a D-poset and V' a Dedekind complete lattice
group. Let € be a v -closed cone of a(L, V), . Then for any uea(L, V),
there exist two elements £€% * such that

p=C& 4y (8.1)

Proof. This follows from the Decomposition Theorem upon setting
o =9 1

Theorem 8.2. Every positive finitely additive measure g from a D-
poset L into a Dedekind complete lattice ordered group V can be expressed
as a sum u = ¢ +#, where £ is a positive completely additive measure from
VE, and 7 is a finitely additive measure such that if { <, 4, {eca(L, V), .
then { =0.

Proof. Define the set € = ca(L, V), . We show that ¢ is a v -closed
cone.

First, let {y;} be a chain in a(L, V), with a bound yea(L, V), with
respect to the natural ordering <,, and define

(@) =\ 7, ceL (8.2)

Since 0 < y;(¢) < y;(1) < (1), the Dedekind completeness of V implies that
Yo(c) is defined correctly on L. Moreover, 7, is finitely additive. Indeed, let
a®b be defined in L. Then {y,(a)} and {y,(b)} are equidirected, and
y:(@) T vo(a), 7:(b) T yo(b). By (6.1) we conclude that

Y.(a®b)=y,(a®b) T =(1:(@) +7.(0) T =y:(@) T +7:(0) T =7,(a) +7,(b)
Therefore,

@
Yo = \/ Vi (8.3)

where \/¥ is taken in ¥, and conversely, if y, =\/¥ y,, then y, =7,.
Now we claim to show that y,eca(L, V), if {y;} is a bounded chain
in 4. Let a=@,.;a, exist in L. Then, for any finite subsets F of I,



1398 Dvurelenskij and Rietan

we have

0 < 'YO(a) - Z vo(ai)

ieF

“r(eo(@)
~(:(ee(@ )-r(o(@ ) +r(+o(@ )

<p:+bF
where {p;} | 0 and {b%}; | 0, and F is a finite subset of 7. Then

0<y,(@ =\ Y v.(a)<p |0
F ieF
so that y,(a) = ;c; 7.(a;) €%, which means that % is a v -closed cone.
Now we can apply Theorem 8.1 to obtain the assertion in ques-
tion. B

Theorem 8.3. Every positive finitely additive measure y on a D-poset
L with values in a Dedekind complete lattice ordered group V can be
expressed as a sum p = ¢ +#, where écoa(L, V), and yeoa(L, V)¥.

Proof. The proof is identical to the proof of Theorem 8.2, if we use
the cone € =oa(L, V),. W

Theorem 8.4. Every positive a-additive measure u on a D-poset L with
values in a Dedekind complete lattice ordered group ¥ can be expressed as
asum pu =& +#, where £eca(L, V)., and 5 is a positive g-additive measure
such that if { <, %, {eca(L, V), then { =0.

Proof. This follows from Theorem 8.1 and the Decomposition Theo-
rem if we put € =ca(L, V), and o =0oa(L, V), . R

Remark 8.5. Theorems 8.2 and 8.3 have been proved in De Lucia and
Dvuredenskij (1993a) and De Lucia and Morales (1992). They are analogs
of the classical Yosida and Hewitt (1952) decomposition as well as Theo-
rem 8.4. In De Lucia and Morales (1992) the component # from decompo-
sition Theorems 8.2 and 8.3 is said to be a weakly purely additive measure
and a purely additive measure, and 5 in Theorem 8.5 is called a purely
o -additive measure.

Let 2 be a nonvoid subset of a D-poset L. A positive finitely additive
measure pea(l, V), is said to be P-regular if
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wa) =\/{ud):b<abe?), aelL (8.9
We denote by a,(L, V), the set of all #-regular elements from a(L, V) .

Theorem 8.6. et 2 be a nonempty set of a D-poset L such that if
a,be?, then a v b exists in L and belongs to 2. Then every element
uea(L, V), can be expressed as a sum p =& +#, where £ is a 2-regular
positive finitely additive measure and neas(L, V)¥*.

Proof. We claim to show that the set ¥ = as(L, V), is a v-closed
cone. It is clear that 0e%. Let u,, u, €%, and let a be a given element of L.
Define bp=\/{b:beF}, where F is any finite subset of the set
{be?:b <a}. Then {u(bp)}rtm(a, i=1,2, and {u,(br)}r and
{#2(bs)}F are equidirected upward. Using (6.1), we have

( + w) (@) = m(a) + (@) = pbr) T +1br) T = + 1) (b)) 1

so that u, + u,e%.

The v -closedness of ¥ can be proved as follows: let y, be defined by
(8.2), where {y;} is a bounded chain in €. Then, for any aeL and be?
with b < q, we have

7@ =V 7@ =V V3:6) =V V50 = \/ 7,6)

which entails that y, €¥.
The rest follows from Theorem 8.1. W

9. LEBESGUE DECOMPOSITIONS

Below we present two Lebesgue-type decompositions which generalize
those in De Lucia and DvureCenskij (1993a) and De Lucia and Morales
(1992).

Let W be another lattice ordered group, and let pea(L,V),,
Aea(L, V), be given. We say that (i) u is A-continuous, and we write
u < A, if for every € >0, eeV,, there is 6 >0, de W, such that every
aeL with A(a) < é implies u(a) < ¢; (ii) p is dominated by A, and we write
u <4, if M(a) =0 implies u(a) = 0; (iil) u is singular, and we write u L A, if
there exists aeL such that u(at) =0 and Aa) = 0; (iv) u is A-singular if,
whenever yea(L, V),, 7 <. 4, and y <, A, then y =0.

Theorem 9.1. Let V have the property that for any u >0, ueV there
exist uy, u, eV, u;,u, >0, with u;+u,=u. Let uea(L, V), and Aie
a(L, W),. Then p can be expressed in the form p=¢ +#n, where
Eneall, V), &€ €. 4, and n is A-singular.
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Proof. Let us define € = {yea(L, V),:y <.A}. Then ¥ is a v -closed
cone of a(L, V), . Indeed, 0e¥, and let y,,7,€¥, eV . There are two
€1, €& >0 with ¢ =¢; +¢,. We can find 4, >0 and 6, >0 in W such that
Alay) <6, implies y(a,) <¢, and Aa,) <d, implies y(a,) <¢,. Put § =
8y A d, and let Aa) < 9. Then vi{a) + (@) <+ ==¢c

Now let {y;} be bounded chain in %, and define y, via (8.2). Given y,
we find 6 >0 in W such that A(a) < é implies y; (@) <e. Then

¥@) =9(a) —1,,(@) +7,@ <p;; +¢
where {p;} | 0, because {y(a) —7y,(a)}; | O uniformly in aeL. Therefore,

wWa) <e.
To obtain the desired decomposition, we apply Theorem 8.1. W

Theorem 9.2. For any pair of finitely additive measures y, A€a(L, V),
there exist two elements & and 7 in a(L, V'), such that

p=E&+n, &<l (9.1)
and gy A A =0.

Proof. The set €, ={éca(L, V) :E<A} is a v-closed cone in
a(L, V),.. Applying Theorem 8.1, we obtain the decomposition (9.1),
where ne¥é ¥.

Suppose now that x is an element of a(L, V), such that ¥ <,y and
Kk <, A Then k¥, and from the basic property of the set ¥ we conclude
that k =0, ie., 0=nA il N

10. CONCLUDING REMARKS

It is worth noting that in some particular cases, ¥ can consist only of
the zero function, and in this case, the decomposition (2.1} is trivial, since
€* =a(L, V),. On the other hand, one can find other important cones.
For example, such a situation occurs when L = E(S) is the set of all
splitting subspaces for any incomplete inner product space S, and V =R,
because, by Dvurelenskij (19936), S is complete iff ca(E(S), R), # {0}.
However, in this case, the set of all #-regular finitely additive measures,
where 2 is the set of all finite-dimensional subspaces of S, is very rich
(DvuireCenskij, 1991, 19930).

It is well known that the space of all bounded, finitely additive,
real-valued measures on a Boolean algebra is a lattice ordered group (in
fact, a Riesz space). For quantum logics, orthoalgebras, or D-posets, this
statement is not true, in general, as the following assertion says:

Proposition 10.1. Let H be a finite-dimensional Hilbert space of di-
mension at least three. Then the set of all bounded finitely additive
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measures on L(H) is not a lattice with respect to the natural ordering. In
particular, u A 5 exists as a bounded finitely additive measure on L(H) if
and only if either u <,nporn <,

Proof. Due to Gleason’s theorem (Dvurecenskij, 1993a) there exists a
one-to-one correspondence between the set of all bounded, real-valued,
finitely additive measures {u} on L(H) and the set of all Hermitian
operators {T} on H determined via

wM) =1te(TP,,), MeE(S) (10.1)

where P,, denotes the orthoprojector from H onto M.

Let ur, pg, and p,, be measures determined by Hermitian operators T,
S, and U on H via (10.1). It is easy to verify that u, <, u, iff T<U
[T < Umeans (Tf, f) < (Uf, f) for any fe H], so that g, A ug = uy exists iff
T A S =U. According to Kadison’s result (Luxemburg and Zaanen, 1971,
58.4), T A S exists as a Hermitian operator on H iff T and S are compara-
ble; consequently, ur A ug exists iff pu; and pug are comparable, i.e.,
Br S, s OF ps <, pur). W

From the former assertion it follows that it is not possible to use all
the methods that work in lattice ordered groups; in particular, we did not
prove the uniqueness of decomposition for measures on quantum logic,
orthoalgebras, or D-posets. On the other hand, Aarnes (1970) and
Dvureéenskij (1991, 1993b) proved decomposition theorem together with
uniqueness for L(H) and E(S) using the deep Gleason theorem.

We recall that it is also possible to study measures on difference posets
with values in lattice ordered semigroups V. However, posing natural
conditions to V such as V' is cancelative, i.e., x +y =z + y, then x = z, and
V is naturally ordered, i.e., if x <y, then x +z =y for some zeV, we
obtain, by Birkhoff (1967), that V is a positive cone of an ordered group,
which means that we obtain all results of the present paper.

To finish this section, we note that the general Decomposition Theo-
rem enables us to derive another decomposition of measures which are
defined not only on quantum logics, orthoalgebras, or D-posets. Such
possible structures include, for example, measures on fuzzy quantum
structures (DvureCenskij and RieCan, 1991) and generalized measures
(Klement and Weber, 1991).
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